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ABSTRACT 

Particle filter (PF) has proven effective for nonlinear identification scenarios; how- 
ever, its performance in high-dimensional problems is often limited by the curse of di- 
mensionality. To overcome this challenge, block particle filter (BPF) is proposed to 
reformulate a high-dimensional model into several blocks, so the identification of one 
high-dimensional system can be simplified into that for many lower-dimensional blocks. 
However, due to the coupling between blocks, the likelihood function for each state 
subgroup depends not only on its own state components but also on its neighboring sub- 
groups - a dependency that the BPF does not address. In this work, we extend the BPF 
by developing likelihood functions that incorporate nuisance components, thereby en- 
abling its application to coupled systems. The performance of the proposed algorithms 
is demonstrated through a numerical example of a forty-story Bouc-Wen frame structure 
subjected to ground motion. 

INTRODUCTION 

Bayesian estimation methods - including the extended Kalman filter, unscented Kalman 
filter, and particle filter (PF) - have been extensively explored in a variety of engineer- 
ing fields. The estimation results can then serve specific purposes, including diagnos- 
tics [1, 2], prognostics [3, 4], target tracking [5, 6], and end-to-end learning [7, 8]. How- 
ever, challenges related to high dimensionality and nonlinearity often emerge, when state 
variables and parameters, commonly referred to as state components, are integrated into 
the state vector and interacted in the process and measurement equations. 

Within the field of structural health monitoring (SHM), PF has been well demon- 
strated for nonlinear applications, including structural system identification [9, 10], and 
fatigue damage growth prognostics in metal [11] and composites [1]. However, these ap- 
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plications potentially involve the deployment of multiple sensor measurements and the
estimation of a large number of state components, leading to challenges associated with
high dimensionality. As the dimension of the state vector expands, PF often demands an
exponentially larger number of particles. This requirement can lead to a significant, and
sometimes prohibitive, increase in computational resources needed, which is commonly
referred to as the curse of dimensionality [12]. To mitigate this issue, state partitioning
has been applied to SHM practice, where one state vector can be divided into two [9] or
more [1] state subgroups for estimation. qqq The curse of dimensionality also presents
a significant challenge, when applying PF to other engineering applications, notably
in data assimilation. Rebeschini and Van Handel [12] have claimed that the decay of
correlations property can offer the possibility to tackle the curse of dimensionality. As
a high-dimensional system is spatially distributed over large distances, the conditional
distribution of one state subgroup should be significantly dependent on the observa-
tions collected at its nearby location. Then, the posterior distribution of each subgroup
can be approximated by the nearby measurements through one PF. This leads to a sim-
ple but effective PF for beating the curse of dimensionality, i.e., block PF. Though this
work is theoretical in nature and has not been anticipated to be applicable to real high-
dimensional problems [12], the idea of block or partitioning has led to many successful
applicable PFs, including iterated BPF [13] and adaptive BPF [14].

The above BPFs have shown to be effective in certain high-dimensional applications,
where the likelihood for each state subgroup only includes the state components from
this subgroup and its nearby measurements. This can not be directly applicable to the
scenario showing more complex coupling among each state subgroup within the mea-
surement equation. Let us take the structural system identification model [1] as one
reference example. A whole state vector from this model can be partitioned into several
subgroups, each consisting of components (e.g., velocity and displacement) from a sin-
gle degree of freedom (DOF). For each subgroup, the likelihood includes components
from within the subgroup and from others, alongside specific measurement components.
As such, the transferability of BPF to other complex applications is likely limited.

For the likelihood of each state subgroup, the state components from other subgroups
are taken as nuisance components. Therefore, developing an applicable BPF under cou-
pling scenarios requires the design of likelihood function under nuisance components.
In this study, we incorporate three most popular likelihood functions - plug-in likeli-
hood [15], profile likelihood [16], and marginal likelihood [17] - into the likelihood
function for each state subgroup, and apply BPF for state and parameter estimation in
structural identification problem.

The rest of this paper is organized as follows: First, the block particle filter and
likelihood functions under nuisance components are introduced. Then, the proposed
algorithm is validated through a numerical simulation of a forty-story Bouc-Wen frame
structure. Finally, the paper and potential directions for future research are summarized.

BLOCK PARTICLE FILTER

The state space model for a given system can be described as



Xk = f (Xk−1,ωk−1) (1)

Xk = h (Xk,ηk) (2)

where Eq.(1) and Eq.(2) are the process and measurement equations, respectively, X
and Y denote the state and measurement vectors, respectively, k means the k th time
step, and ω and η represent the process and measurement noises, respectively.

In high-dimensional models, e.g., Lorenz 96 [14] and measles transmission [13]
models, the state and measurement vectors are partitioned into b subgroups:
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Note that each state subgroup has unique state components not shared with other
subgroups, and each measurement subgroup likewise has unique measurement compo-
nents. Then a high-dimensional model can be partitioned into b blocks, each having a
state and measurement subgroup and one local measurement equation as

yj
k = hj

(
xj
k,η

j
k

)
, (4)

where the superscript j means the j th subgroup.
The dynamics and measurements at a spatial location depend only on the states at

locations in a neighborhood, a phenomenon known as the decay of correlation property.
Therefore, each state subgroup can evolve by itself and its nearby subgroups, and its like-
lihood can be calculated by its corresponding measurement subgroup only, as illustrated
in Fig. 1.

Figure 1. Example of one high-dimensional model in [12].

The above partitioning leads to the development of BPF algorithm. The one-step-
ahead prediction is the same as PF. Then, each block includes one independent PF, i.e.,
the weight is calculated as

wj,i
k ∝ p

(
yj
k | x

j,i
k

)
, (5)



and the resampling is implemented within each block. The BPF is summarized below.

Algorithm: Block Particle Filter

For k = 0:
Initialization: draw N particles {X i

k : i = 1, 2, . . . , N}.
For k = 1, 2, . . . :

Prediction: draw N particles {X i
k : i = 1, 2, . . . , N} by p(Xk | Xk−1).

For each block: calculate the particle weight through p
(
yj
k | x

j,i
k

)
and resample.

LIKELIHOOD UNDER NUISANCE COMPONENTS

BPF and its extensions such as adaptive BPF [14] and iterated BPF [13] have been
demonstrated in state and parameter estimation for high-dimensional models, e.g., lin-
ear Gaussian model [14], Lorenz 96 model [14], and measles transmission model [13].
These models do not involve the coupling of each subgroup within the measurement
equation, as presented in Fig. 2 (a). However, many dynamic systems often exhibit the
coupling phenomenon in Fig. 2 (b). For example, when formulating a state space model
to describe the dynamic behavior of a multiple degree-of-freedom (DOF) structure, it is
common to consider the stiffness, displacement, and velocity as the state components to
be estimated, with acceleration serving as the measurement [1, 2].

Figure 2. Coupling between Blocks

When each state subgroup still does not share same components with others, the
likelihood for one subgroup requires the measurements and the state components from
the other subgroups [1]. Then Eq.(4) is no longer valid, and the local measurement
equation has to be re-built as

yj
k = hj

(
xj
k, q

j
k,η

j
k

)
, (6)

where qj
k means a vector of state components from the other subgroups that are necessary

for the likelihood of j th subgroup. As the interest is to estimate xj
k instead of qj

k, the
later can be viewed as a vector of nuisance components. Then, it becomes clear that
p
(
yj
k | x

j,i
k

)
has to be obtained under the existence of qj

k. To do so, this study adopts the
three most common likelihoods, i.e., plug-in likelihood [15, 18], profile likelihood, and
marginal likelihood.

The plug-in likelihood [15, 18] is often the simplest approach for handling nuisance
components, where the estimates of nuisance components are used for the likelihood of



each subgroup. This study considers either a single sample selected from the prior distri-
bution {qi

k : i = 1, 2, . . . , N} or the mean values q̂j
k of these samples as the approximate

estimate, yielding two variants of the plug-in likelihoods.

p
(
yj
k | x

j,i
k

)
= p

(
yj
k | x

j,i
k , qj,i

k

)
, (7)

p
(
yj
k | x

j,i
k

)
= p

(
yj
k | x

j,i
k , q̂j

k

)
, (8)

As to the profile likelihood, it effectively profiles out the nuisance vector by maxi-
mizing the likelihood over this vector, allowing the focus to remain on the components
of interest. Formally, the profile likelihood can be written as

p
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)
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)
, (9)

Within the scope of PF algorithm, either deterministic or stochastic sampling method
can be a choice for obtaining the profile likelihood. T representative samples {qj,t

k :
t = 1, 2, . . . , T} can be drawn or selected from the given prior distribution, yielding T
likelihoods. Then the maximum likelihood is taken as the profile likelihood. This study
employs two strategies to generate representative samples for the nuisance components:
the sigma-point (SP) method [5] and the sub-sampling (SS) method.

The marginal likelihood aims to marginalize out the nuisance components as

p
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)
, (10)

In order to perform a reasonable comparison, this study still employs the SP and SS
methods to generate samples representing the nuisance components.

NUMERICAL EXAMPLE

A Forty-story Bouc-Wen frame structure under the ground motion serves as the nu-
merical example for evaluating the BPF performances under different likelihoods. The
stiffness, velocity, and hysteretic displacement of each story are estimated, and the ac-
celerations of certain stories serves as the measurement. The state space model can be
built as [1]
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where the subscript l denotes the l th story, ag means the ground motion, a, v, z, c,
m, and s mean the acceleration, velocity, hysteretic displacement, damping, mass, and
stiffness, respectively, and β, γ, and n are the Bouc-Wen parameters. The goal is to
estimate the stiffness, velocity, and displacement of each story via the settings below:

• Plug-in likelihood function: Eq.(7) & Eq.(8).
• Profile & Marginal likelihood functions: sigma-point method and sub-sampling

method (10, 20, or 40 samples).
Fig. 3 resents the stiffness estimations for the third story using PF and BPF under dif-

ferent likelihoods, and Fig. 4 presents the displacement estimations. PF cannot produce
accurate estimation, while BPF with each likelihood shows satisfactory performances,
demonstrating its capacity in high-dimensional state and parameter estimation.

Figure 3. Stiffness estimations for third story using PF and BPF.

Figure 4. Displacement estimations for third story using PF and BPF.



For a more comprehensive evaluation, PF and BPF are independently run for twenty
times. For each of the 120 components, the root-mean-square error (RMSE) is com-
puted, producing twenty RMSE values per component, and then we calculate the mean
and standard deviation (STD) for the same type of components. Table I summarizes the
average computation time per run, and the means and STDs of RMSEs.

TABLE I. Comparison of BPF Methods with Different Likelihood Functions

Algorithm Time [s]
RMSE (Mean ± STD)

s [N/m] v [10−2m/s] d [10−2m]

PF – 4.6 2.139 ± 1.344 19.742 ± 28.708 6.471 ± 4.714

BPF - Plug-in
(7) 9.7 1.640 ± 0.747 16.177 ± 18.920 4.351 ± 3.029
(8) 14.0 1.350 ± 0.678 13.753 ± 16.032 3.551 ± 2.708

BPF - Profile

SP 164.5 0.908 ± 0.442 9.334 ± 8.910 2.179 ± 1.561
SS-10 87.0 0.991 ± 0.518 10.043 ± 10.537 2.398 ± 1.883
SS-20 161.8 0.859 ± 0.430 8.816 ± 8.114 2.033 ± 1.410
SS-40 285.4 0.819∗± 0.394 8.753∗± 8.090 2.017∗± 1.428

BPF - Marginal

SP 163.0 1.754 ± 0.766 16.224 ± 19.395 4.349 ± 2.998
SS-10 87.4 1.826 ± 0.776 17.329 ± 20.360 4.639 ± 3.117
SS-20 162.9 1.772 ± 0.771 16.744 ± 19.834 4.474 ± 3.042
SS-40 286.0 1.774 ± 0.774 16.596 ± 19.946 4.495 ± 3.041

First, PF has the shortest computation time, but produces the least accurate estimation
results, due to the curse of dimensionality. By partitioning a high-dimensional system
into many blocks, all BPFs can provide more accurate results. Among these likelihood
functions, the plug-in likelihoods Eq.(7) and Eq.(8) have the shortest computation time,
whereas the BPF using profile or marginal likelihood takes longer computation time.
As for the RMSEs, the profile likelihood frequently attains the lowest mean and stan-
dard deviation, indicating its superior accuracy and stability. Moreover, the use of more
samples in sampling-based likelihood calculation generally leads to better performance.

As to the selection of likelihood selection in BPF, one can use profile likelihood to
achieve more accurate estimation compared with plug-in and marginal likelihoods. On
the other hand, the performance of plug-in likelihood is sufficiently satisfactory, as such
it is a good option to keep a balance between accuracy and computation time. Marginal
likelihood is not recommended in this example, as it takes the time as much as profile
likelihood, while producing the results even worse than plug-in likelihood.

CONCLUSIONS

Given the complex interaction between each subgroup, the block particle filter (BPF)
cannot be directly used for state and parameter estimation. This work has integrated three
likelihood functions into BPF, enabling its feasibility in the coupling dynamic system.
Results from the numerical example have shown that the proposed solutions can alleviate
the curse of dimensionality to a certain level.
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